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TOPOLOGICAL ENTROPY OF HOMOCLINIC CLOSURES

LEONARDO MENDOZA

ABSTRACT. In this paper we study the topological entropy of certain invariant
sets of diffeomorphisms, namely the closure of the set of transverse homoclinic
points associated with a hyperbolic periodic point, in terms of the growth rate
of homoclinic orbits. First we study homoclinic closures which are hyperbolic
in n-dimensional compact manifolds. Using the pseudo-orbit shadowing prop-
erty of basic sets we prove a formula similar to Bowen’s one on the growth of
periodic points. For the nonuniformly hyperbolic case we restrict our attention
to compact surfaces.

INTRODUCTION

In this paper we study the topological entropty of certain invariant sets of
diffeomorphisms, namely the closure of the set of transverse homoclinic points
associated with a hyperbolic periodic point. The existence of hyperbolic pe-
riodic points with transverse homoclinic points is a sufficient and necessary
condition for positive entropy of C 2 diffeomorphisms of surfaces, as follows,
from combining the Birkhoff-Smale Theorem [M] with Katok’s work [K]. Here
we introduce a way of counting homoclinic orbits, so that their growth rate
yields the entropy of the closure of all transverse homoclinic points associated
with a single periodic orbit of certain diffeomorphisms.

First we study homoclinic closures which are hyperbolic in n-dimensional
compact manifolds; see [B] for definitions. Using the pseudo-orbit shadowing
property of basic sets we prove a similar formula to Bowen’s one on the growth
of periodic points. For the nonuniformly hyperbolic case, we restrict our atten-
tion to compact surfaces, so we can use some of the theory developed by Katok
[K] and Pesin [P].

Now we shall describe briefly how we can count homoclinic orbits. A ho-
moclinic orbit resembles a periodic orbit of infinite period that, after a certain
amount of time (both in the future and in the past), never leaves a small neigh-
borhood of the periodic orbit. So we shall say that a homoclinic orbit is of
¢-order n if n is the time during which the point wanders outside a neighbor-
hood of size €. In other words, if x is a homoclinic point of &-order n, up
to an e-error, it is a periodic amount of period n. Let f: M — M be a dif-
feomorphism of a compact manifold, and suppose that p € M is a hyperbolic
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fixed point. Consider the local stable (unstable) manifold W: (p) (W:( D)),
ie.

W.(p)={xeM:d(f"(x),p) <eforn>0}
(W(p)={xeM:d(f"(x).p) <e&forn<0})

Our way of counting homoclinic orbits of ¢-order n can be interpreted as the
number of “good” intersections of the n-iterate of W,'(p) with W;(p). Here
a point of “good” intersection means that the connected component of the un-
stable manifold W"(p) intersected with the e-neighborhood containing such
point is a submanifold C ! near to WE"(p) . This implies, in particular for
diffeomorphisms of surfaces, that the 1-dimensional volume of this connected
component is at least &. This observation, together with our formula for en-
tropy, yields an upper bound for the entropy in terms of the volume growth
rate of the unstable manifolds of hyperbolic periodic points, as Newhouse [N2]
has previously pointed out.
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1. HOMOCLINIC CLOSURES

Let f:M — M bea C : diffecomorphism of a compact manifold M . If
p € M is a hyperbolic periodic point for f, the stable (unstable) manifold of
p is defined as

W (p)={yeM:d(f"(»),["(p)) — 0asn— oo}
(Wp)={yeM:d(f"(y),f"(p)) = 0 as n — —co}).

A point x € W*(p)n W*(p)\{p} is called a homoclinic point for p; if the
intersection of W’(p) and W*(p) is transverse at x,i.e. T M =T W' (p)®
T, W*(p), then x is called a transverse homoclinic point. Define

H(p) ={x € M: x is a transverse homoclinic point for p},

and if O(p) denotes the orbit of p and » its period set H(O(p)) = H(p) U
iy -UH(f""(p)) . We shall call the closure of H(p), CL H(p), the homoclinic
closure of p, and CLH(O(p)) the homoclinic closure of O(p).

Clearly, CLH(O(p)) is compact and f-invariant. Furthermore, the Ai-
lemma [N1] shows that f|CL H(O(p)) is transitive (there is a dense orbit
in CLH(O(p))), and f"|CLH(p) is topological mixing (for any open sets
U,V c CLH(p) there exists N sothat f™UNV # @ forany k > N). The
Birkhoff-Smale Theorem on homoclinic points implies that hyperbolic periodic
points are dense in CL H(O(p)) .
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We shall say that two hyperbolic periodic points p,p’ € M are homoclin-
ically related if W*(p) intersects W"(p') transversally and W"(p) intersects
W*(p') transversally. This is clearly an equivalence relation; see [N1].

2. COUNTING HOMOCLINIC ORBITS

Now fix ¢ > 0 small. If H(p) # & let us define the e-order O(x,p,¢) of
x € H(p) with respect to p as follows: Let

€’(x,p.e)=min{n: ["(x) € W,(p)},
©“(x,p.,e) =min{n: [ "(x) € W/ (p)}, and
O(x,p,e)=0'(x,p,e)+6"(x,p,e).

If ©(x,p,e) =n, then x is said to be a homoclinic point of ¢-order n. Now
let

H(p,n,e)={xeH(p):©® (x,p,e)=nand 6"(x,p,e) =0},
and write h(p,n,¢) for #H(p,n,¢). One would like A(p,n,¢) to be finite,
but this is not true in many cases; for instance if we start with the figure 8 flow
@, on R? and consider f = ¢, its time-1 map, or any diffeomorphism with
the stable and unstable manifold of a fixed point intersecting tangentially. One
can make a small local perturbation of f in any C” topology, 1 < r < o0, so
that the unstable manifold of p locally looks like x — x"*' sin(1/x) over an
interval of the stable manifold of p. The perturbed diffeomorphism g can be
made to still fix p, and for any small ¢ clearly A(p,n,e) =00 for g.

The above example does not satisfy the definition of hyperbolicity. If the
homoclinic closure is hyperbolic, then the density of periodic points implies
that the diffeomorphism f restricted to CL H(O(p)) is expansive, i.e. there
exists a > 0 such that if d(f"(x), f"(¥)) < a for all n, then x = y. So if
O<ée<aand x# y € H(p,n,¢), then expansiveness implies the existence of
0 < k < n such that d(f"(x), f"(¥)) > &, which, together with compactness,
implies that H(p,n,¢) is finite. Thus, in the case of hyperbolic homoclinic
closures, it makes sense to consider the growth rate of h(p,n,é¢).

Now we shall discuss how to count homoclinic orbits for difftfomorphisms of
surfaces whose homoclinic closures may not satisfy the hyperbolicity conditions.
Let f: M — M be a diffeomorphism of a surface M . Assume that p is a
hyperbolic fixed point for f with eigenvalues 4, ,4, satisfying |4,| <1 <|4,].
Set

x(p) = (1987/2000) max{—log|4,|, log|4,|} ;

then for any x € H(p) and 0 < x < x(p), there exists C > 1 such that for
n>0, meZ we have:
For ve D _f"|T W' (p),

(1s) 1D g f"0Il < C exp(—nx) exp(x 107> (Im] + m)) ]|,

(25) 1D f "0l 2 €' expry exp(=x 107> (jm| + n))|lv|l;
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for ve D _f"|T .W*(p),
- -3
(1u) 1Dy S "0l 2 C™" expny exp(—x 107> (jm] + m))[jv]l,

(2u) 1D 1 f "0l < Cexp(=ny) exp(x 10> (jm| + m)|jv]l;

and if y(x) denotes the angle between the subspaces T, W*(p) and T, w"(p),
then
y(f™(x)) < € exp(=2)10°|m.
These conditions are clear consequences of the A-lemma, since we can take
a small neighborhood R of p such that, for any x € H(p), there exists n > 0
so that, for any k> n, we have:
For v € ka(x)TxW"(p) ,

1D« foll = exp x(Pll,
-1
1D« o "Il < exp(=x(p)I0I):
similarly, for ve D, T, w(p),

1D i S0l < exp x(p)|v]
1D f "0l > exp(=x(p) V1) ;

and the angle between the subspaces satisfies y(f k (x)) > y(p)1987/2000. Since
x only spends a finite amount of time out or R, we can find C(x) to satisfy the
above conditions. This shows that CLO(x) = O(x) U {p} is a hyperbolic set,
although it does not have local product structure. Conditions (1s), (2s), (1u),
(2u) are, in fact, more general than what we have just shown; they correspond
to the definition of nonuniform hyperbolicity. For 0 < y < x(p), C > 1, write
Ax ¢ for the set of points of M satisfying conditions (1s), (2s), (1u), (2u). Set

H(p,n,s,)(,C)={er(p,n,a)ﬂAX‘C:f"(x)eAX'C}
and write h(p,n,e,x,C) for #H(p,n,e,x,C).

3. THE HYPERBOLIC CASE

In this section we shall assume that CL H(O(p)) is a hyperbolic set; since
the hyperbolic periodic points are dense in CL H(O(p)) it has local product
structure and it can be regarded as a basic set of an Axiom A diffeomorphism.

We recall that the topological entropy for a homeomorphism 7: X — X of
a compact metric space X is defined as follows: For ¢ > 0, n > 0 a subset
E c X issaid to be (n,¢)-separated if for any x,y € E thereexists 0< k <n
for which d(fk(x) ,fk(y)) > ¢. Let s(n,e) be the maximal cardinality of
(n,&)-separated subsets of X , then defined the topological entropy of T as

WT)=h(T,X)= lin(l)lim sup(1/n)logs(n,ée).
£— n—oo
If Y C X isa T-invariant subset set 2(T,Y)=h(T|Y ,Y).
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Theorem 3.1. Let f: M - M bea C ! diffeomorphism of a compact manifold
M. If p € M is a hyperbolic periodic point for f such that H(p) # & and
CLH(O(p)) is a hyperbolic set for f, then there exists &, > 0 such that for
0<e<eg,

h(f, CLH(O(p))) =limsup(1/n)logh(p,n,é¢).
Furthermore if p is a fixed point, then
h(f,CLH(p)) = nllrgo(l/n)logh(p,n ,&) =sup(l/n)logh(p,n,ée).

Proof. Assume that p is fixed. The stable manifold theorem implies that
fICLH(p) is expansive, that there exists J > 0 such that if x,y € CLH(p)
and d(f"(x),f"(y)) <d forall n€ Z,then x=y.

Now choose 0 < ¢ < /4 =¢, and x,y € H(p,n,¢). Observe that ex-
pansiveness implies that there exists 0 < k < n so that d(f"(x), f")(»)) > ¢.
Therefore, H(p,n,¢) is an (n,¢)-separated set for f|CL H(p), and thus

limsup(1/n)logh(p,n,e) < h(f, CLH(p)).

n—oo
To complete the proof of the theorem we shall use Bowen’s method of pseudo-
orbit shadowing [B]. A sequence x = {xi}f’= , (With @ = —o0 or b = co permit-

ted) of pointsin M isan a-pseudo-orbit, for some a > 0,if d(f(x;),x,, ) <a
forall i €[a,b). A point x € M is said to be S-shadow x, for >0, if

d(fi(x) ,x)< B foraliela,b).

Lemma 3.3 (Shadowing Lemma [B, N1]). Let CLH(p) be a hyperbolic set for
f, then for every B > O there exists o > 0 so that every a-pseudo orbit x in
CLH(p) is B-shadowed by a point x € CLH(p). ©

To complete the proof of the theorem we shall shadow some sets of separated
points by homoclinic orbits. First observe that if x € H(p,n,¢), then

x e CLOWW, (p)\f~'W,(p)) and ["(x) € CL(W,(p)\/W,(p)).

Let 0 < B < ¢/8 and a be as in the Shadowing Lemma. By compact-
ness of CL H(p) we can take a finite cover U of CLH(p) by a-balls. Since
fICLH(p) is topological mixing, there exists N = N(U) > 0 such that, for
any two balls B, ,Bj eU,

S“B.nB,NCLH(p)#@ Vk>N.

Choose w, € (W;(p)\/W;(p))NH(p) and w, € (W, (P)\/ ™' W, (p))NH(p),
and assume that B(w,,a) and B(w,,a) belong to the cover U. Now let
E be a (n,¢)-separated set in CL H(p) of maximal cardinality. For x € E
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take u(x) € f "V B(x,a) N B(w,,a) NCLH(p) and v(x) € f¥B(f"(x),a)N
B(w,,a) NCL H(p) (we shall assume that f preserves orientation), and con-
sider the following sequence:

e ST ) (), S (X)) YT ) XL f(X)
S TN T ) e f )

by construction the above sequence is an a-pseudo-orbit contained in CL H(p),
and by the Shadowing Lemma there exists z(x) € CL H(p) that B8 shadows it.
Now we show that z(x) € H(p). If d(x,z(x)) < 8 then

d(f*w,), "N (z(x))) < B forall k >0,

which implies that fk(z(x)) — p as k — oo. Similarly f_k(z(x)) — p as
k — oo, thus z(x) € H(p); furthermore if o is chosen small enough the
hyperbolic structure around p implies that ©(z(x),p,&) =2N +n.

If x,y€E,then z(x)# z(y) because

0<e-2B<e—d(f*(x), fX(z(x) - d( ), ff(z()))
<d(f*zx)), r*(z(»))

for some k € [0,n), since E is (n,ée)-separated. Therefore s(n,e) <
h(p,2N +n,¢) forall n > 0 and N is independent of n and ¢. Hence
by expansiveness

h(f, CLH(p)) =limsup(l/n)logh(p,n,¢).

To prove the existence of such a limit observe that by considering the inter-
section of local stable manifolds of points in H(p,n,¢) with the local un-
stable manifolds of f"H(p,m,e) it follows that h(p,n,e) h(p,m,e) <
h(p,n+ m,¢), then a standard argument shows that if p is fixed then

h(f,CLH(p)) = ”lingo(l/n)logh(p ,n,&)=sup(l/n)logh(p,n,e).
- n
If p is not fixed take a power f k corresponding to its period and notice
that the ¢-order ©, (x, p,¢) calculated with respect to f * satisfies

O,.(x,p,e)=(1/k)B(x,p,e). O

4. HOMOCLINIC CLOSURES FOR DIFFEOMORPHISMS OF SURFACES

In this section we shall study homoclinic closures for C 2 diffeomorphisms
of surfaces that are not necessarily hyperbolic sets. The main tool here will be
the following statement due to Katok [K, KM].

Theorem 4.1 (Katok). Let f: M — M be a C? diffeomorphism of a compact
surface M ; then

h(f) =sup{h(f,A): A is a hyperbolic horseshoe}. O
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In order to avoid some technical difficulties we shall restrict our attention
to isolated homoclinic closures, that is, CL H(p) is isolated if there exists an
open set U such that CLH(p) c U and UNQ(f) = CLH(p), where Q(f)
denotes the nonwandering set of f. Some examples of nonhyperbolic isolated
homoclinic closures will appear in [KM].

Theorem 4.2. Let f: M — M bea C 2 diffeomorphism of a compact surface
M, andlet p € M be a hyperbolic periodic point for f with H(p) # 3. Then
for 0 < x small

h(f,CLH(p)) = suplin(l)limsup(l/n)logh(p,n,s,x,C).
c>1 €20 n—oo

Part of the proof of the above theorem is based on the following

Proposition 4.3. Let f: M — M bea C? diffeomorphism of a compact surface
M, andlet p € M be a hyperbolic periodic point for f with H(p) # . Then
Jor 0 < x < x(p) and C = C(p) > 1 there exists &, = g,(x,C) > 0 such that
for 0<e<e,

limsup(1/n)logh(p,n,e,x,C) < h(f, CLH(p)).
n— oo
Before giving the proof of Theorem 4.2 and Proposition 4.3 we shall recall
some facts and definitions from smooth ergodic theory; see [K, KM and P]. For
fiM—-Ma C? diffeomorphism of a compact surface M and 0< y, 1 < C,
consider the set A . Standard arguments show that A ¢ 1s closed and the
splitting of the tangent space varies continuously on it. Set A =Ues x c-

Proposition 4.5 (Existence of regular neighborhoods). For x € Ax , there exists
d(x)>0 and a c' embedding

¥t [0(x),0(x)] x [-d(x),6(x)] = M

satisfying:
(i) 6(x) > 8(f™(x)) max{(1.5)", exp(~2x107°|m])}.
(i) If C> 1, then 61 c=min{é(x): x € A, c1r>0.

(iii) The map f, = u/f_(:c) ofoyw :[-d(x) ,é(x)]2 — R is hyperbolic. O

For x € A, and 0 < ¢ < 1 we shall call R(x,1) = y,([-5(x), t6(x)]")
the t-regular neighborhood of x . Also, for 0 < a < 4, we shall call any mani-
fold WNR(x,t) an admissible (u,c, t)-manifold near x if W =y, Graph,,
where ¢: [-1d(x),td(x)] — [-td(x),td(x)] isa C' map with IDpl| <a<i.
Similarly define admissible (s, a,t)-manifold near x . A sort of A-lemma argu-
ment show that /' maps admissible (u, a, t)-manifold near x onto admissible
(u,a,t)-manifold near f(x). An admissible (u,t)-rectangle U near x is
defined as

v ({(z.y) €[-18(x) 6" 9,(») < 2 < 9, (M},
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where ¢;: [-1d(x),t0(x)] — [-td(x),td(x)], i = 1,2, are C' maps with
1Dyl < a < 1. Similarly, define admissible (s ,t)-rectangles as the set con-

tained between two admissible (s, ,t)-manifolds.

Proof of Proposition 4.3. Suppose that p is a fixed point for f and choose
C>1 and 0< x < x(p). Observe that p € Ax ¢ - Consider the regular neigh-
borhoods R(p,t) of p, with t > 0 so small so that, for x € Ax c NR(p,t),
then C(x, W’ (x)NR(p,t)) (C(x ,W¥(x)NR(p,t)), the connected compo-
nent of W*(x)NR(p, t) (W“(x) N R(p,t)) containing x, is an admissible
(s,l t)-manifold ((u, 4 5, t)-manifold) near p. This is possible since A

“uniformly hyperbolic”, although possibly not f-invariant. Thus if x e
H(p,n,s,x,C) with 0 <e< téx.c/Z, then by [K]

C(f"(x), f"R(p.1)NR(p.1))

is an admissible (u,t)-rectangle in R(p,t). Similarly,

STHCU (X)) SR ONR(p D))
results in an admissible (s, ¢)-rectangle in R(p,t). Now let
D, =C(x,W'(x) NR(p,1))
and
D;n(x) = (["(x), W' (x))NR(p,1)).
We may assume that forall x € H(p,n,¢,x,C) we have that "D Cc W.(p)
and f‘"D“,, ,then if x # y € H(p,n,e,x,C) clearly D; N D, = & and

Df N Df,, = &, which implies that

C(f"x), f"R(p,.ONRp, )NC(S" (%), f'R(p.)NR(p.1) =D

Thus we have A(p,n,e,x,C) admissible (s, ¢)-rectangles mapped by f” onto
the same number of admissible (u,¢)-rectangles, then standard arguments [M]
show the existence of an h(p,n,e, x,C)-fold horseshoe of period n, whose
topological intropy is 1/nlogh(p,n,e,x,.C). O

Proof of Theorem 4.2. Without loss of generality let us suppose that p is a fixed
point. By Proposition 4.3 it is sufficient to prove that for any > 0 there exist
asmall e>0, x>0 and C>1 so that

h(f, CLH(p)) <limsup(l/n)logh(p,n,e,x,C)+p.

The idea of the proof is to use Theorem 4.1 to find a horseshoe A ¢ CL H(p)
with entropy A(f,A) > h(f, CLH(p)) — B. Then any periodic point p’ €
A is homoclinically related to p; thus, for p = p(A) > 0 we can choose
m > 0 sufficiently large and small disks D" c W*(p)\f~'(W¥(p)) and D’ C
WS (p)\f(W:(p)) so that f"D“ and f~"D° are sufficiently C' close to
W:( p') and W;( p'), respectively. Then, using the hyperbolicity of A, for
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each homoclinic point y € H(p',n,p) N A we construct a transverse homo-
clinic point x = x(y) of p with ©(p,n + 2m ,¢). The hyperbolicity along
the orbit of x is determined basically by that for y and by D,f. The sets
H(p' .n,p)Nn A will play the role of the (n,é¢)-separated sets of the proof of
Theorem 3.1 and the points x = x(y), for y € H(p' ,n, p)N A, will shadow
the orbit of y up to n iterates.

By Theorem 4.1 for f > 0 fixed, choose a horseshoe A ¢ CLH(p) such
that

h(CLH(p),f) <h(A, f)+ B

We may assume that A contains a fixed point p’ and that there exists X >
h(f,A) such that for ye A, n>0

ID, f"v|| < exp(—x,|lv]l) forveE,

and
HDyf”UH >exp(—x,llvll) forve E;

This is possible by taking a large power of f .

Let ¢ > 0 be so small that if x€ H(p,n,¢), for n > 0, there exists C > 1
such that x € H(p,n,&e, x(p),C). Choose p = p(A) > 0 for which f|A is
expansive. Since p is homoclinically related to p’, the A-lemma [N1] enables
us to choose m >0, D" c W'(p)\f~'W¥(p) and D° c W!(p)\W:(p) such
that f”D" and f "D’ are as close as we wish to W;‘(p') and W;(p') ,

respectively, in the C ! sense.

Let us recall some facts that would tell us how close D" and f~"D"
should be to W;:( p') and W;( p'), respectively, to allow us to construct the
new homoclinic points.

Since [ is C? for a fixed 6 > 0 we can choose a > 0 and a > 0 such
thatif y e A,ze€ M and d(z,y) < a, thenif W isa (u,a,l)-admissible
manifold near y and ze W

|ID, fIES|| = IDAIT,W]|| <&
And if W isan (s, a, 1)-admissible manifold near y and ze W
1D, fIE Il = ID.AIT,W||| <&

The uniform hyperbolicity of A implies that for any 0 < ¢t < 1 the size
of the regular neighborhood R(y,t), y € A, is constant on A. Suppose that
p/2 > a > 0 is so small that W:(y) C R(y,1) for any y € A, and that the
choice of m > 0 and D" c W:‘(p)\f_le“(p) is so that /D" is C' close
enough to W;;(p') that for any y € W:(p’) NA, W,(y)nf"D" # @ and
fm"DYNR(y,t) is an admissible (u,a,t)-manifold near y, for some fixed
0<t<1 and a>0 small. Choose D’ C W,(p)\f/W,(p) satisfying similar
conditions.
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By taking a power of f we may assume that p’ is fixed; therefore,
lim (1/n)log#(H (0" .n,p)NA) = h(f . A).
Thusif y € H(p'.n,p)NA, consider z = z(y) € W;(y)nf"D" and V,(y) =
f"D*NR(y,t). Define
Vi(y)
V,(»)

SV NRS ). 1),
= f(V,»)NRU (). 1),

V,0) =V, )N RS (9),0).

For each 0 < k < n, V,(y) is an admissible (u,c,t)-manifold near fk(y).
Therefore V,(y) intersects f ™D’ transversely at a point w = w(y) € H(p),
solet x=x(y)=f""w. For ¢ >0 sufficiently small d(f*(y), f*(x(»))) < a
forall 0<k<n.

By construction ©(x,p,e) =n+2m, and m is clearly independent of 7.
So it remains to find y > 0 and C > 1 such that for any x = x(y) € H(p)
constructed as above for y € H(p',n, p)NA, f~"(x) €A, - and f™""(x) €
Ax ¢ and to check that

#(H(p' ,n,p)NA) < h(p,n+2m,e,x,C),

from which the theorem follows.

For x € H(p) let E; = T.W"(p) and E, = T_W(p), by transversality
T M = E; ® E;‘. Recall that y(x) denotes the angle between the subspaces
E, and E;. By similar argument to the proof of the i-lemma [N1], if ¢ >0
is sufficiently small, if x € H(p) N W;(p) and y(x) >s for some s> 0, then
y(fk(x)) > s forall k > 0. Similarly if x € H(p)n W,(p) and y(x) > s,
then y(f *(x))>s forall k>0,

Now for x = x(y) € H(p), y € H(p'.n,p)N A, the angle y(f*(x)) is
bounded away from zero, say greater than or equal to some r > 0, independent
of n, forall 0 < k < n. This is so because f k(x) is the intersection of
two admissible manifolds near f k (x). By linear algebra we have that for any
0<k<m

-2m

sen(f™4(x)) 2 (senr) ( jnf |det, 1) ( sup 10,,11)

and

—-2m

sen (/" () 2 (senr) ( inf 1detD,f1) " (sup 1D, 1)

Since f~"(x) € W'(p) and f™"(x) € W;(p), there exists C, > 1 such that
y(f'(x) > C! forall ieZ.
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Now we shall look at how the derivative acts on Ei , for x = x(y) and
yeH(p' ,n,p)nA. Take v € ES, since d(f*(x), f*(y)) <a for 0<k <n,
then it follows that if & < exp(—x,)exp(107° — 1)

k—1
k
ID,.f vl < (H IIDf,(x)fIE},(X)II) vl
i=0

k—1
< (Huw S| +6>) Iv]

i=0
< exp(—(x, — 107°))k|v].

If e>0 issmalland £ >0, for v € Ef,,,“,(x)

1D on S V1l < exD(=(x(p) = 107*))k|v]|

and for v € E -m(x)

—k -
1D -y S~ Il > exp(x(p) — 107 )k v
And for 0 < k < m, if D =sup{||D, f|: w € M}, then

—k
1D/ vl < D¥|v]| and |ID.f“v|l > D]l

Similar inequalities hold for v € Ex. Now let us set y = min{x, , x(p)}
and C = max{C,,(Dexp(x — 10_3))2'"}. Using the above inequalities it is
straightforward to check that if y € H(p',n,p)NA forany n >0, then x =
x(y) €A, . and sodo f~"(x) and ™" (x). Since 8“(f"(x).p.e) =0
and 8°(f " "(x),p,e) =2m+n, f "(x)eH(p,n+2m,e,x,C). It remains
to prove that

#H(p' .n,p)NA)<h(p.n+2m,e,x,C).

If y.y, € 2H(p' .,n,p)N A, then d(fk(yl),fk(yz)) > p for some 0 <
k < n (by expansiveness of f|A), so
p<d(ff ). f{ ) <d ), A x)) +d x ) )
+d(f(x(y)) . 5 y))
<2a+d(ffx(y,). fxy))).

Hence since 2a < p, it follows that x(y,) # x(y,) .
Now by taking limits where n — oo, we have

h(f,A)= nlir&(l/n)log#(H(p',n ,p)NA) <limsup(l/n)logh(p,n.,e,x,C)

n—oo

from which the theorem follows. O
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5. ENTROPY AND VOLUME

Let f: M —- M bea C ! diffeomorphism of a compact surface M . For a
1-dimensional submanifold W c M define its volume growth as

log Vol(f|W) = limsup(1/n)log Vol(T;,| W),
n—oo

where Tf,,IW C W x M is the graph of the nth iterate of W under f and
Vol denotes the 1-dimensional Riemannian volume or length. See [G, N2 and
Y] for more details.

Theorem 5.1. Let f: M — M bea C 2 diffeomorphism of a compact surface M
and suppose that p € M is a hyperbolic fixed point for f such that CLH(p) #
O, then

h(f, CLH(p)) < inf{logVol(f|W:(p)): e > 0}.

Corollary 5.2. For [ as above,

h(f) < sup{inf{log Vol(fIW:(p)): & > 0}: p is a hyperbolic periodic point}. O
Proof of Theorem 5.1. The number h(p,n,e¢,x,C) means that we have
h(p,n,e,x,C) admissible u-manifolds near p with length at least ¢, so

h(p.n,e,x,C)xe<Vol(T,|W!(p)),

from which the theorem follows. 0O
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